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THE DUAL OF THE HOMOTOPY CATEGORY OF
PROJECTIVE MODULES SATISFIES BROWN
REPRESENTABILITY
GEORGE CIPRIAN MODOI
Abstract. We show that the dual of the homotopy category of projec-
tive modules over an arbitrary ring satisfies Brown representability.
1. Introduction and the main result
This short note belongs to a series of papers which deal with Brown rep-
resentability. In [2] we gave a new proof of the fact that a well–generated
triangulated category satisfies Brown representability, by using that every
object is a homotopy colimit of a suitable chosen directed tower of objects
constructed starting with the generators. Next we adapted in [3] this method
in the sense made precise in Lemma 2 bellow, and we found a formal crite-
rion for the dual of Brown representability in a triangulated category with
products. This formal result was used first in the same paper [3], for charac-
terizing when the homotopy category of complexes of all modules satisfy the
dual of Brown representability, and second in [4] in order to show that the
derived category of a Grothendieck category, satisfying certain additional
hypothesis, satisfies the dual of Brown representability. In the present work
we use the same instrument for proving that the dual of the homotopy
category of projective module over an arbitrary ring satisfies Brown repre-
sentability, confirming once again the usefulness of our formal result. Note
that the homotopy category of projectives is a key ingredient of the new
point of view over Grothendieck duality given by Neeman in [7]. Next in
[9], the same author constructed a set of cogenerators in of this homotopy
category, which was shown to be ℵ1–compactly generated but, in general,
not compactly generated.
Let R be a ring (associative with one). In the sequel we shall work with
the category of (complexes up to homotopy of) right R–modules. Thus
the word “module” means “right module” and whenever we have to deal
with left modules we state it explicitly. We denote by Mod-R the category
of all modules, and we consider the full subcategories Flat-R and Proj-R
consisting of flat, respectively projective modules. Complexes (of modules)
are cohomologically graded, that is a complex is a sequence of the form
X = · · · → Xn−1
dn−1
−→ Xn
dn
−→ Xn+1 → · · ·
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with Xn ∈ Mod-R, n ∈ Z, and dndn−1 = 0. Morphisms of complexes are
collections of linear maps commuting with differentials. Two maps of com-
plexes (fn)n∈Z, (g
n)n∈Z : X → Y are homotopically equivalent if there are
sn : Xn → Y n−1, for all n ∈ Z, such that fn − gn = dn−1Y s
n + sn+1dnX . The
homotopy category K(Mod-R) has as objects all complexes and as mor-
phisms equivalence classes of morphisms of complexes up to homotopy. It
is well–known that K(Mod-R) is a triangulated category with (co)products.
Its suspension functor, denoted by [1], is defined as follows: X[1]n = Xn+1
and dn
X[1] = −d
n+1
X . Let denote K(Flat-R) and K(Proj-R) the full subcate-
gories of K(Mod-R) consisting of those complexes which are isomorphic to
a complex with flat, respectively projective, entries. Then K(Flat-R) and
K(Proj-R) are triangulated subcategories ofK(Mod-R) (more generally, the
same is true if we start with any additive subcategory of Mod-R).
If R and S are rings, X is a complex of R–S–bimodules and V is a right
S–module we denote by HomS(X,V ) the complex of right R–modules:
HomS(X,V ) = · · · → HomS(X
n+1, V )→ HomS(X
n, V )→ · · ·
where the differentials are the induced ones.
Let T be a triangulated category, and let A be an abelian category. We
call (co)homological a (contravariant) functor F : T → A which sends trian-
gles into long exact sequences. Denote by Ab the category of abelian groups.
If T has coproducts (products) we say as in [6] that T (respectively, T o)
satisfies Brown representability, if every cohomological (homological) func-
tor F : T → Ab which sends coproducts into products (preserves products)
is representable.
Now it is time to state our main result:
Theorem 1. If R is a ring then the category K(Proj-R)o satisfies Brown
representability.
2. The proof
The first ingredient in the proof of the main theorem of this paper is
contained in [3]. Here we recall it shortly. Fix T to be a triangulated
category with products, and denote by [1] its suspension functor. Recall
that if
X1 ← X2 ← X3 ← · · ·
is an inverse tower (indexed over N) of objects in T , then its homotopy limit
is defined (up to a non–canonical isomorphism) by the triangle
holim←−−−Xn −→
∏
n∈N∗
Xn
1−shift
−→
∏
n∈N∗
Xn → holim←−−−Xn[1],
(see [5, dual of Definition 1.6.4]).
Consider a set of objects in T and denote it by S. We define Prod(S) to
be the full subcategory of T consisting of all direct factors of products of
objects in S. Next we define inductively Prod1(S) = Prod(S) and Prodn(S)
is the full subcategory of T which consists of all objects Y lying in a triangle
X → Y → Z → X[1] with X ∈ Prod1(S) and Y ∈ Prodn(S). Clearly the
construction leads to an ascending chain Prod1(S) ⊆ Prod2(S) ⊆ · · · . We
suppose that S is closed under suspensions and desuspensions, hence the
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same is true for Prodn(S), by [6, Remark 07]. The same [6, Remark 07]
says, in addition, that if X → Y → Z → X[1] is a triangle with X ∈
Prodn(S) and Prodm(S) then Z ∈ Prodn+m(S). An object X ∈ T will be
called S-cofiltered if it may be written as a homotopy limit X ∼= holim←−−−Xn
of an inverse tower, with X1 ∈ Prod1(S), and Xn+1 lying in a triangle
Pn → Xn+1 → Xn → Pn[1], for some Pn ∈ Prod1(S). Inductively we
have Xn ∈ Prodn(S), for all n ∈ N
∗. The dual notion must be surely
called filtered, and the terminology comes from the analogy with the filtered
objects in an abelian category (see [1, Definition 3.1.1]). Using further the
same analogy, we say that T (respectively, T o) is deconstructible if T has
coproducts (products) and there is a set, which is not a proper class, of
objects S closed under suspensions and desuspensions such that every object
X ∈ T is S–filtered (cofiltered). Note that we may define deconstructibility
without closure under suspensions and desuspension, Indeed if every X ∈ T
is S–(co)filtered, then it is also S–(co)filtered, where S is the closure of S
under suspensions and desuspensions.
Lemma 2. [3, Theorem 8] If T o is deconstructible, then T o satisfies Brown
representability.
In order to apply this result to the category K(Proj-R) we shall use
the set cogenerators of this category constructed in [9]. We consider the
subcategories K(Proj-R)⊥ and
(
K(Proj-R)⊥
)⊥
of K(Flat-R), where the
symbol ⊥ is always meant in K(Flat-R), that is
K(Proj-R)⊥ = {X ∈ K(Flat-R) |K(Flat-R)(P,X) = 0
for all P ∈K(Proj-R)}
and similar for double perpendicular. By formal non–sense we know that
there is an equivalence of categories
K(Flat-R)/K(Proj-R)⊥
∼
−→
(
K(Proj-R)⊥
)⊥
thus [7, Remark 2.16] implies the existence of an equivalences of categories
K(Proj-R)
∼
−→
(
K(Proj-R)⊥
)⊥
.
Note that the cogenerators constructed in [9] lie naturally not in K(Proj-R)
but in the equivalent category
(
K(Proj-R)⊥
)⊥
. This is the reason for which
we shall work with this last category which will be denoted by T .
Lemma 3. The category T is has products.
Proof. We know that T ∼ K(Proj-R) is well–generated (see [7, Theorem
1.1]), hence it satisfies Brown representability. The existence of products is
a well–known consequence of this fact: If (Xi)i∈I is a family of objects in T ,
then the cohomological functor
∏
i∈I T (−,Xi) sends coproducts in products,
therefore it is representable (by the product of the family (Xi)i∈I). 
Remark 4. Another proof of Lemma 3 goes as follows: The very definition
of T implies that it is closed under products in K(Flat-R), and it remains to
show that this last category has products. But this follows immediately form
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the fact that the inclusion functor K(Flat-R)→ K(Mod-R) has a right ad-
joint (see [8, Theorem 3.2]). Indeed for obtaining the product in K(Flat-R)
we have only to apply this right adjoint to the product in K(Mod-R).
Recall that a test–complex is defined in [9, Definition 1.1] to be a bounded
below complex I of injective left modules satisfying the additional proper-
ties that Hn(I) = 0 for all but finitely many n ∈ Z and for those n for
which Hn(I) 6= 0, this module is isomorphic to subquotient of a finitely
generated projective module. Here by Hn(I) we understand the n-th (left)
R–module of cohomology of the complex I. Note that there is only a set of
test complexes up to homotopy equivalence (see also [9, Remark 1.2]). Let
J : K(Mod-R) → K(Flat-R) the right adjoint of the inclusion functor (see
also Remark 4). Define S to be the full subcategory of K(Flat-R) which
contains exactly the objects of the form J(HomZ(I,Q/Z)) where I runs over
a set of representatives up to homotopy equivalence of all test–complexes.
Observe that S is a set and S ⊆ T by [9, Lemmas 2.2 and 2.6]. We plan to
complete our proof by showing that T is S–cofiltred. In order to do that,
we shall use the (proof of) [9, Theorem 4.7]. Recall from [7, Construction
4.3 and Theorem 5.9] that the full subcategory G of K(Flat-R) which con-
tains a set of representatives (again up to homotopy equivalence) for those
G ∈ K(Flat-R) which are bounded below complexes with finitely generated
projective entries generates K(Flat-R) as a triangulated subcategory. We
recall also that if C′ ⊆ C is a full subcategory of any category C, then a map
Y → Z in C with Z ∈ C′ is called a C′-preenvelope of Y , provided that every
other map Y → Z ′ with Z ′ ∈ C′ factors through Y → Z.
The next three lemmas are refinements of [9, Lemmas 4.4, 4.5 and 4.6].
Lemma 5. Every complex Y ∈ K(Flat-R) has a Prod(S)–preenvelope.
Proof. The argument is standard: Let Z =
∏
S∈S,α:Y→S S and Y → Z the
unique map making commutative the diagram:
Y //
α

❅❅
❅❅
❅❅
❅❅
Z
pS,α
⑧⑧
⑧⑧
⑧⑧
⑧⑧
S
where pS,α is the canonical projection for all S ∈ S and all α : Y → S. 
Remark 6. In [9, Lemma 4.4] the map Y → Z from Lemma 5 is completed
to a triangle
X → Y → Z → X[1]
and it is shown that the condition to be a Prod(S)–preenvelope is equivalent
to the fact that X → Y is a tensor phantom map, that is the induced map
X ⊗R I → Y ⊗R I vanishes in cohomology for every test–complex I.
Lemma 7. For every Y ∈ K(Flat-R) there is a triangle
X → Y → Z → X[1]
such that Z ∈ Prod2(S) and the induced sequence
0→ K(Flat-R)(G,Y )→ K(Flat-R)(G,Z)→ K(Flat-R)(G,X[1]) → 0
is exact for all G ∈ G.
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Proof. Use twice Lemma 5: First consider a Prod(S)–preenvelope Y → Z ′,
and complete it to a triangle X ′ → Y → Z ′ → X ′[1]. Let X ′ → Z ′′ be
again a Prod(S)–preenvelope which is completed to a triangle X → X ′ →
Z ′′ → X[1]. The octraedral axiom allows us to construct the commutative
diagram whose rows and columns are triangles:
Z ′[−1]

Z ′[−1]

X // X ′ //

Z ′′ //

X[1]
X // Y //

Z //

X[1]
Z ′ Z ′
.
Now the third row is the desired triangle, and the triangle in the third
column assures us that Z ∈ Prod2(S). The rest of the conclusion follows by
[9, Lemma 4.5]. 
Lemma 8. Every map Y → Z in K(Flat-R) with Z ∈ Prodn(S) factors as
Y → Z ′ → Z, where Z ′ ∈ Prodn+2(S) and the induced maps
K(Flat-R)(G,Y )→ K(Flat-R)(G,Z)
K(Flat-R)(G,Z ′)→ K(Flat-R)(G,Z)
have the same image, for all G ∈ G.
Proof. Complete Y → Z to a triangle Y → Z → X → Y [1] and let X → Z ′′
as in Lemma 7. Complete the composed map Z → X → Z ′′ to a triangle
Z ′ → Z → Z ′′ → Z ′[1].
It is clear that Z ′ ∈ Prodn+2(S) and the rest of the proof is the same as for
[9, Lemma 4.6]. 
Proof of Theorem 1. Fix Y ∈ K(Flat-R). Construct Y → Z1, with
Z1 ∈ Prod2(S) as in Lemma 7. Inductively the map Y → Zn, with Zn ∈
Prod2n(S), n ∈ N
∗, factors as Y → Zn+1 → Zn, with Zn+1 ∈ Prod2(n+1)(S),
according to Lemma 8. The argument used in the proof of [9, Theorem 4.7]
leads to a triangle
X → Y → Z → X[1]
such that X ∈ K(Proj-R)⊥ and Z = holim←−−−Zn. In particular this shows that
if Y ∈ T then Y ∼= Z = holim←−−−Zn, hence T is S–cofiltered. 
We end this note by pointing out that the existence of the left adjoint of
the inclusion functor T → K(Flat-R) is a consequence of Theorem 1. By
now there are several proof of this fact (see [9]), but the new one is deduced
more conceptually from Brown representability.
Corollary 9. Let U be a triangulated category (with small hom–sets). If
F : K(Proj-R)→ U is a product preserving functor that F has a left adjoint.
In particular the inclusion functor T → K(Flat-R) has a left adjoint.
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